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Neutron structure in Kaluza-
Klein theory 
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На  основе  теории  Калуцы-Клейна  изучены  особые 
состояния  атома  водорода,  возникающие  при 
взаимодействии  протона  со  скалярным  безмассовым 
полем.  Показано,  что  некоторые  состояния  таких 
атомов имеют  параметры  нейтрона. 
.      

The  special  states  of  a  hydrogen  atom,  arising from the 
interaction of a proton with a scalar massless field studied 
on the basis of Kaluza-Klein theory. It is shown that some 
states of the atoms have parameters of the neutron. 
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Introduction

The  search  for  a  metric  that  describes  the  elementary  particles  has  been 

going on for over 100 years [1-6].  Pauli and Einstein [1] are shown for both – 4-

dimension and 5-dimension Kaluza metric [2], that there are no regular stationary 

solutions of the relativistic field equations. It has been found [7] that the effect of 

electromagnetic field on the metric in the five-dimensional space leads to a change 

in  the  mass  spectrum  of  elementary  particles.  In  particular,  the  interaction  of 

protons with a scalar massless field can be formed a particle with a mass close to 

the mass of the neutron. In this paper, we consider the problem of the structure of 

the neutron based on the models [7-8].

Description of the model

Following [7], we assume that a metric tensor in 5-dimensional space near 

the gravity massive centre is represented as a power series of distance from the 

source  222 zyxr ++= , thus

Gik=G ik (0)+Ġ ik(0)kr+G̈ ik (0)(kr)2

2
+...                                             (1)
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Here the scale parameter k is given by the application of the model (1), and 

the dot denotes differentiation with respect to the dimensionless parameter krr =~ . 

Consider the form of the tensor (1) resulting in retention of the first three terms in 

the expansion of the metric in the case of central force field with the gravitational 

potential in Newton's form.

Suppose x1=ct , x2=x , x3= y , x4=z , in this notation we have for the square of 

the interval in the 4-dimensional space:

               
( )

r
M

dzdydxctccds
γϕ

ϕϕ

−=

++−−+= 22222222 )/21()/21(
                              (2)

Here γ - the gravitational constant, M - mass of the central body, c - speed of 

light. Assume that the coefficients of the metric in the 5-dimensional  space are 

characterized  by  some  parameter  )0()0( 1111
2 GG −==ε .  Then,  assuming  that 

22 /2/ cMk γε = ,  we  arrive  at  the  expression  of  the  interval  depending  on  the 

parameters of the metric in the five-dimensional space:

              ( )22222222 )/1()/1( dzdydxkrtckrds +++−−= εε                                  (3)

Further,  note  that  in  this  case,  the  metric  tensor  in  four  dimensions  is 

diagonal with components

                        )/1(;/1 2
443322

2
11 krgggkrg εε +−===−=                          (4)

We define the vector potential of the source associated with the centre of 

gravity in the form of

        ug 11 ,/ gkrg == ε                                      (5)

Here u is a three dimensional vector, which we define below. Hence, we find 

the scalar and vector potential of electromagnetic field

uA eϕεϕ === ,
2

kre
mc

r
q

e                                                (6)

Assuming N=(kr )2 and calculating the metric tensor in 5-dimensional space, 

using (4) - (5), we find that in this case the expression (1) contains the right side 

only three members of the powers series 

Gik=(Ngik +Ng i gk Ng k

Ngi N )=Gik (0)+Ġ ik(0)(kr )+G̈ik (0)
(kr)2

2                (7)
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Note that the zero term of (7), which describes a flat space, depends on the 

charge.  In  the metric  (7),  every massive  body can have a  positive  or  negative 

electric charge ekMmcq //2γ±= . Since the charge is quantized, one can 

determine the mass, which generates an electron or a proton from the relations: q = 

e,  M = m, therefore m3=ke4 /2c2 γ . Hence we find the expression for the unknown 

parameter of the theory

                  423 /2 ecmk γ=                                                                    (8)

Note that this expression corresponds to the Coulomb law in the form (6) in 

the Gaussian system of units. In the SI system, the right-hand side of (8) should be 

multiplied by 2
0 )4( π ε , where 0ε - permittivity of vacuum. The numerical value of (8) 

having  a  dimension  of  inverse  length,  is  in  the  case  of  an  electron  around
128107.1 −−⋅ m ,  and in the case of  the proton about 1181005.1 −−⋅ m .  Note that  the 

corresponding scale in the case of an electron exceeds the size of the observable 

universe, while for protons this scale is about 100 light-years.

This  result  shows  that  to  describe  the  motion  in  the  four-dimensional 

worlds, taking into account the forces of gravity and electromagnetism requires 

only a finite number of terms of (1) in the expansion of the metric tensor in 5-

dimensional space.

Let us consider the lower limit of applicability of the developed model. For 

this we compare the zero and second terms in the expansion (7). Assuming that 

these  terms  have  the  same  order,  we  find  the  corresponding  minimum radius, 

which in the case of the electron coincides with its classical radius - Table 1. On 

this scale, the electrostatic field affects the 5-dimensional metric space, as shown 

below. Note that the minimum size of the proton coincides with the range of the 

weak interaction.

Table 1: Parameters of the metric tensor ikG .

k, 1/m ε rmax, m rmin, m
e- 1.703163E-28 4.799488E-43 5.87E+27 2.81799E-15
p+ 1.054395E-18 1.618178E-36 9.48E+17 1.5347E-18
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To calculate the contra-variant tensor, we use the general expression of the 

form [7]

Gik=N−1( g ik −g k

−g i 1+g ik g i gk)                                                    (9)

Calculating the contra-variant components of the metric tensor and the four-

vector potential, according to (5), we find that

4
4

3
3

2
2

1
1

124433221211

,,,
)/1(;)/1(

bggbggbggagg
krbgggkrag

====
+−====−== −− εε

              (10)

  Hence, calculating the contra-variant tensor according to equation (9), we 

obtain
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It  is  indicated  )(1 2
4

2
3

2
2

2
1 gggbag ++++=λ .  Note  that  the  contra-variant 

components of the vector potential and the metric tensor in 4-and 5-dimensional 

space,  proportional  to  the  parameter  a,  have  a  singularity  at  the  point,  which 

corresponds to the gravitational radius 22 /2/ cMkr γε == . The determinant of the 

metric tensor is equal to the inverse of the determinant of the contra-variant tensor, 

which is easily calculated for the matrix (11), we have a result (see [7])

   G=N 5 a−1 b−3
                                                              (12)

To  describe  the  motion  of  matter  according  to  its  wave  properties,  we 

assume that the standard Hamilton-Jacobi equation and relativistic mechanics, such 

as the Klein-Gordon equation in quantum mechanics arise as a consequence of the 

wave  equation  in  five-dimensional  space  [7].  This  equation  can  in  general  be 

written as:

                          01 =




 Ψ

∂
∂−

∂
∂

− ν
µ ν

µ x
GG

xG
                              (13)
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Here  Ψ is  the  wave  function  describing,  according  to  (13),  the  massless 

scalar field in five-dimensional space.

Equation (13) is interesting because of it, by simple generalization we can 

derive all the basic models of quantum mechanics, including the Dirac equation, as 

in the nonrelativistic case, this equation reduces to the Schrodinger equation. From 

this we can also derive the eikonal equation, which is a 4-dimensional space is 

reduced to the Hamilton-Jacobi equation, which describes the motion of relativistic 

charged particles in electromagnetic and gravitational field [7].

Further,  note that in the studied metric which depends only on the radial 

coordinate, the following relation

( ) ( )µ ν
µ

µ ν
µ

µ GG
dr
d

x
rNGG

x
NF −

∂
∂=−

∂
∂=                              (14)

In view of (10) (14), we write the wave equation (13) as

    02||
2

2

2
2

2

2

2 =
x

F
x

gb
tc

a
i

i
µ

µ

ρρ
λ

∂
Ψ∂+

∂∂
Ψ∂−

∂
Ψ∂+Ψ∇−

∂
Ψ∂

                            (15)

Note  that  the  last  term  in  equation  (15)  is  of  order  N 2 k=k 5r 4≪1 . 

Consequently, this term can be dropped in the problems, the characteristic scale 

which is considerably less than the maximum scale in Table 1. Equation (15) is 

remarkable  in  that  it  does not  contain any parameters  characterizing the scalar 

field. Field acquires a mass and charge (not only electrical but also the strong and 

weak [7]) in the interaction with the central body, which is due only to the metric 

and the 5-dimensional space.

The spectrum of atomic particles with axial symmetry

Consider the motion of matter around a charged centre of gravity, which has 

an  electrical  charge  and strong charge,  for  example,  around the proton.  In  the 

process of solving this problem it is necessary to define the inertial mass of matter 

and energy ties. Since equation (15) is linear and homogeneous, this problem can 

be solved in general.

We introduce a polar coordinate system  ),,( zr φ  with the z axis is directed 

along the vector potential (6), we put in equation (15)

http//chaosandcorrelation.org/Chaos/CR_2_2012.pdf
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 )exp()( ρωφψ ρiktizikilr z −−+=Ψ                                        (16)

Separating  the  variables,  we  find  that  the  radial  distribution  of  matter  is 

described by the following equation (here rejected, because of its smallness, the 

last term in equation (15)):

022g1 1122
2

2

2

2

=kkgkcλkk
r
l

r
|b|

c
a

z
z

zrrr ψψωψψψψψψω
ρρρ −+−





−−+−− −       (17)

We assume that the characteristic scale of the spatial distribution of matter 

far  beyond  the  gravitational  radius r >> ε2 /k =2γM /c2 .  Then  in  the  first 

approximation we can assume that  11;1 22
1 ≈−+=≈−≈ ggba λ .  We also use the 

definition of the vector and scalar potential (5), as a result we obtain

0/)/(2,/

01

2222

22
2

2

>+−=+=







++−−+

kcukkckK

=
r

Kk
r
l

r

zzg

g
zrrr

ωεκω

ψ
κ

ψψψψ

ρρ

                                     (18)

Note that equation (18) coincides in form with what was obtained in [8-9] in 

the case of axially symmetric solutions of the Schrodinger equation describing the 

special states of the hydrogen atom. We seek the solution of equation (18) as

 ar
rr )/exp( 0

0
−= ψψ                                                (19)

Substituting (19) into equation (18), we have

 0112
2

2
22

2
00

0
2

22

=++−+
+−

+−
c

kk
rrr

ra
r

la
z

g ωκ
ρ            (20)

Equating  coefficients  of  like  powers  of  r,  we  obtain  the  equations  for 

determining the unknown parameters:

 01,21, 2

2
22

2
0

0 =++−−=±=
c

kk
r

arla z
g

ω
κ ρ               (21)
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The second equation (21) holds only for values  of the exponent, for which 

the  inequality  2/1<a is  true.  Hence,  we  find  an  equation  for  determining  the 

frequency as

  0
)12(

4
2

2
22

2

22

22

=++−




 +

+ c
kk

c
uk

lk
k

zzz
ωωε

ρ
ρ                  (22)

It  should  be  noted  that  the  original  metric  in  the  five-dimensional  space 

defined by metric tensor (7), which depends only on the parameters of the central 

body, i.e. the charge and mass of the proton, so the left-hand side of equation (22) 

should be placed 22 // cmek p=ε .

State with axial symmetry in the Schrodinger quantum mechanics 

Consider the problem of axially symmetric states of the hydrogen atom in 

quantum mechanics, Schrodinger [8]. The equation describing the stationary states 

of an electron with energy E in an external potential field rcU /α−=  (here 

put  the  fine  structure  constant 679137,035999/1=α )  in  a  cylindrical 

coordinate system is as follows:

0)(211
22 =Ψ−+Ψ+Ψ+Ψ+Ψ UEm

rr zzrrr


ϕ ϕ          (23)

We seek the solution of equation (23) as

)exp()( zikilr z+=Ψ ϕψ                                (24)

Substituting (24) into equation (23), we obtain

021
2

2
2

2

=
r

cEmk
r
l

r zrrr ψαψψψψ 




 ++−−+ 


       (25)

Comparing  equations  (25)  and  (18),  we  find  their  full  identity,  so  the 

solution of equation (25) can also be found in the form (19). In this case the system 

of equations for determining the parameters similar to (21)
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021,
2

21, 2
2

2
0

0 =+−−=±=


 mEk
rmc

arla zα
         (26)

The equation for the energy in this case has the form

 02
)21(

4
2

2
2

22

2

2

=+−
+ 

mEkcm
l z

α
                            (27)

It  is  believed  that  the  energy  states  of  a  hydrogen  atom depend  on  the 

reduced mass eeppe mmmmmm ≈+= )/( . In the following analysis we use this mass 

scale.

Parameters of the 5-dimensional atom

Bound states of the hydrogen atom have the energy, which is represented by 

the first term in equation (22) and (27). Since we are considering the same atom, 

we equate these terms, multiplying them by a constant factor  im2/2 . As a mass 

scale will be used in equation (27) the reduced mass eeppe mmmmmm ≈+= )/( , and 

in equation (22) a mass scale 1m , which we define below, we have

2222
2

1

22

)/( mccukk
km zz αωε

ρ =+
                      (28)

Note that a similar equation was obtained in [9], although in this paper we 

give an exact solution of the original equations, and in [9] - approximate solution 

based on the assumption of the existence of classical trajectories.

Using the parameters of the metric, we reduce equation (28) to the form

22

2
1

2

22
2)/(

ρ

ω
k

mcmcm
cuk p

zz


=+                                     (29)

Since the wave vector  zk  is  arbitrary,  and the frequency must  satisfy the 

equation (22) and equation (29), we must assume that this is achieved by selecting 

ρk . Expressing this parameter from equation (29) and substituting it into equation 

(22), we find from (28)
http//chaosandcorrelation.org/Chaos/CR_2_2012.pdf
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The first term in equation (30) describes the electromagnetic interaction is 

small compared with the others, so it can be neglected, resulting in equation (30) 

reduces to

2
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22
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−=

c
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kmcmcm

zzz
p ωω


                              (31)

The simplest result is obtained in the absence of magnetic interaction, i.e. at 

0=zu . In this case, we find from equation (31)

4

4
1

242

42 

cmmmkk
c

pzz −±±=ω                                        (32)

It follows that the scalar field has a frequency boundary and the boundary 

values of the wave vector, which is determined from (32) according to



11
2 2

,
mmmc

k
mmmc p

e
p

kke ez
±=±== =ωω     (33)

Finally,  assuming  that  the  lower  cut-off  frequency  corresponds  to  the 

effective mass of an electron 2mc±=ω , we find the unknown mass scale

 ep mmmm -723
1 102,96285/ ⋅≈=                        (34)

The rest energy of which  eVcm 151319,02
1 = corresponds to a temperature of 

about 1756K.

The wave vector of the fifth dimension is /mck ±=ρ , the sign is determined 

in accordance with the third equation (18), in which the parameter of interaction 

put  as  0>gκ .  The  distribution  of  density  in  the  toroid  atom,  calculated  from 

equation (19) for l = 1 is shown in Fig. 1.
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Figure 1: The density distribution in a toroid atom, calculated from equation 

(19) at 1=l .

In Fig. 2 the relationship between momentum and energy in Lorentz's theory, 

in five-atom, and for electromagnetic radiation are shown. Note that the dispersion 

relation for the five-atom has four branches. In Fig. 2 shown only two branches, 

which correspond to positive values of energy - (32) with a positive sign before the 

radical, and with the signs + and - under the radical, respectively. Note that for the 

excitation  of  vibrations  in  five-dimensional  atom  need  to  make  the  minimal 

momentum mcp 2= , which corresponds to the energy 2mcE = .

Interestingly,  the  dispersion  relation  in  the  five-atom,  along  with  the 

ascending  branch  cpE = ,  has  a  descending  branch,  for  which  higher  values 

momentum mcp 2> >  correspond to low energy 2mcE < < . If such a branch of the 

dispersion relation does exist, then it opens up great possibilities in the jet engines 

new generation.
http//chaosandcorrelation.org/Chaos/CR_2_2012.pdf
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Figure 2: Energy-momentum dispersion relation: 1) Lorentz theory; 2) the 

five-atom Eq. (32); 3) electromagnetic radiation E = cp.   

Thus, the set of electron states in a hydrogen atom has analogy with an axial 

symmetry  in  5-dimensional  atom,  consisting  of  a  proton and a  scalar  massless 

field. Based on this analogy, the parameters of five-atom dispersion relations (30) - 

(32) have been derived. Note that the dispersion relation (32) does not contain the 

interaction parameters, so it is applicable not only for atoms but also for the free 

particles - electrons in a particular state.

The structure of the neutron

The experimentally determined main properties of the neutron are shown in 

Table 2. The average lifetime of a free neutron is about to 885.7 c. A neutron 

decays into a proton, electron and anti-neutrino in the scheme (beta decay):

 eepn ν++→ −+0
                                             (35)

http//chaosandcorrelation.org/Chaos/CR_2_2012.pdf
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Table 2: The fundamental properties of elementary particles involved in the 

reaction (35) [10].

Elementary particle Neutron n0 Proton p+ Electron e-
eν

Mass, MeV/c2 939.565560(81) 938.272013(23) 0.510998910(13) < 2.2 eV

Charge, Coulomb   0 1.602176487(40)×10−19 −1.602176487(40)×10−19 0

The magnetic 
moment, nuclear 
magneton (N) or 
Bohr magneton (B) 

−1.9130427(5) μN 2.792847351(28) μN −1.00115965218111 μB 10−19 μB

Electric dipole 
moment <2.9×10−26 e.cm <5.4×10−24 e.cm ? ?

It was found that the proton in the nucleus may be transferred in accordance 

with the scheme of the neutron inverse beta-decay

  eenp ν++→ ++ 0
                                            (36)

Another possible channel is the electron capture:

enep ν+→+ −+ 0
                                                (37)

The first theory of beta decay proposed in 1933 by Enrico Fermi. Later it 

was suggested several theories, including the theory of Feynman and Gell-Mann 

[11]. At the present time, according to the present standard model, the reaction (35) 

comes with the participation of the intermediate vector gauge boson 
−W  [12]. In 

this model, protons and neutrons are composite particles containing three quarks 

on. However, protons are split into their component parts have failed, although it is 

believed that hadronic jets observed in experiments on collisions of protons at high 

energy, are the quark-gluon plasma [13].

It was found that the distribution of electric charge in the neutron consists of 

a negatively charged outer coat, inner layer of positively charged and negatively 

charged nucleus [14]. From the decay scheme (35) and classical representations of 

the  interaction  of  charged  particles,  one  would  assume  that  the  proton  forms 

together with the electron kind of hydrogen atom, which explains the observed 

electromagnetic  structure  of  the  neutron  [15].  But  we  know  that  the  state 

http//chaosandcorrelation.org/Chaos/CR_2_2012.pdf
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describing the hydrogen atom with a large binding energy, consistent hydrino [16-

18]. In these states, the mass of the hydrogen atom is different from that of the 

proton by a small amount 2cmeα  that is not consistent with the large mass of the 

neutron,  exceeding  the  total  mass  of  a  proton  and  an  electron  by  an  amount 

,5310151/)( =−− eepn mmmm .

Consider the five-state hydrogen atom, which correspond to the parameters 

of the neutron and proton in Table 1. In this case, there are no similar solutions, 

which are described a neutron on the basis of relativistic Dirac or Klein-Gordon 

equation. The wave vector of the fifth dimension can be determined from the third 

equation (22), as a result we find
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Surface, which is given by the first equation (38), depends on the interaction 

parameter, which in turn depends on the type of interaction. In general, we can set, 

but the square of the charge can take three values of [7], which correspond to the 

electromagnetic, strong and weak interactions, respectively - see Table 3.

Table 3: The parameter b for the three types of interaction with a = 0

As  follows  from Table  3,  the  effect  of  the  interaction  parameter  on  the 

dispersion  relation,  even  in  the  case  of  strong  interaction  manifests  itself  at 

http//chaosandcorrelation.org/Chaos/CR_2_2012.pdf
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Parameter of 
Interaction, b
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energies of  about  300 electron masses.  There is  however a  special  case  where 

2/1→a . Then, it follows from (38) the interaction parameter can take any value. 

In this particular case, all interactions are compared with each other in the sense 

that there always exists a value of the exponent, for any type of interaction we have 

the product parameters.

The surface  ),( EPSS =  for parameter values 1;039026.0 === zuub  is shown 

in Figure 3. Each section of the surface for positive values of S determines the line 

of dispersion relation ),( SPEE = .

Figure 3: Surface, which characterizes the special states of a hydrogen atom 

at 1;0,078051 −=== zuub .

Note that a special case 2/1=a  was considered for the Schrodinger equation 

in [8] and equation (18) in [9]. The common property of these states lies in the fact  

that the electron approaches the nucleus for a short distance of the order of the 

classical electron radius. For example, in the model [15] we have

 α376791.1,/r0.4777778,/ 22
e0 === Lcmerr ee              (39)

With  this  approximation  may  form  a  neutron?  Consider  the  dispersion 

relation  that  characterizes  this  condition.  Solving  the  first  equation  (38)  with 

respect  to  energy,  we  find  the  dispersion  relation  -  Fig.  4,  which  allows 
http//chaosandcorrelation.org/Chaos/CR_2_2012.pdf
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determining the minimum energy and momentum of a scalar field in a particular 

state, using the conditions for the ascending part of the spectrum:

 1E/Plim 2.531015;/)(
P

=≈−=
∞→epnm mmmE

These  conditions  allow  us  to  determine  the  numerical  values  of  other 

parameters

0.078051b12.81208;5.06203;P 2.531015; m ==== SEm      (40)
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Figure  4:  Energy-momentum  dispersion  relation  which  characterizes  the 

special states of a hydrogen atom at 1;0,078051 −=== zuub .   

Note that the dispersion curves in Fig. 2 and 4, describing the special states 

of the hydrogen atom are similar, since both contain an ascending and descending 

branch,  as  well  as  maximum limit  of  the spectrum.  For the excitation of these 

states  must  report  a minimum momentum,  i.e.  their  occurrence is  possible,  for 

example, in the collision of solid bodies. The difference between them is the same 

in  that  the  states  described  by  equations  (28-32),  the  wave  vector  in  the  fifth 

dimension is defined in the process of solving the problem, whereas the parameters 

of the state of the dispersion relation shown in Fig. 4, are determined from the 

equation (48), in which the wave vector in the fifth dimension is given constant. 
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The  size  of  the  hydrogen  atom  in  this  state  is  determined  by  the  Compton 

wavelength of an electron:

 cmEr eee /0,395098,/1/0 =≈= λλ                             (41)

Note,  the  state  of  the  hydrogen  atom,  have  a  characteristic  size  (41), 

associated with hydrino [7-8, 16-18]. For the first time, these states were obtained 

by  Sommerfeld  in  1923  as  a  solution  of  the  Klein-Gordon  equation  for  the 

relativistic hydrogen atom. Note that the Sommerfeld solution can be obtained on 

the  basis  of  equation  (17)  at  0;1 2
1 =+= ggλ ,  i.e.  in  the  absence  of  magnetic 

interaction.  At  present  there  is  not  just  a  theory,  but  a  lot  of  experiments 

confirming the hypothesis of the existence of special states of the hydrogen atom - 

hydrino [18]. Solution obtained above is a generalization of known results [16-17] 

to the case of magnetic interaction caused by the Kerr metric [4].

You may notice that the dispersion relation ),( EPSS =  obtained by section of 

the  surface  shown  in  Fig.  3,  is  invariant  with  respect  to  the  choice  of  scale. 

Therefore, choosing a scale of the classical electron radius, we obtain
22

0 /0,395098,/1/ cmerErr eee =≈=                         (42)

This result is consistent with the data (39), but the final choice of scale in the 

model depends on the determination of the neutron magnetic moment [15], which 

is beyond the scope of this paper.

Thus, we have shown that there are specific states of the hydrogen atom, 

which describe a particle with mass and size of the neutron. These states arise in 

the interaction of protons with a massless scalar field.  The resulting interaction 

density distribution of the scalar field corresponds to the Yukawa potential

 121,)/2exp(
1

02
0

2 < <−=−= − a
r

rr δψψ δ

Further study of this problem may be related with the influence of the scalar 

field on a standard metric in the Kaluza-Klein theory [5].
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